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Restricted Systems of Equations. 

By Aethub B. Coble. 



Throughout the following account geometric ideas and language are em- 
ployed exclusively, though the material is algebraic. A homogeneous equation 
of degree I in w-fl variables is called a spread of order I in 8 n . A manifold 
of dimension r is indicated by M r . According to Kroneckerf it can always be 
defined as the totality of points on at most w+1 spreads. The simplest problem 
in the theory of restricted systems of equations is the following: Given n 
spreads in S n of orders \ , . . . ., \, all of which contain M r , in how many 
points of S n outside of M r do they meet ? A very wide range of problems in 
enumerative geometry and algebra can be expressed in terms of restricted 
systems of equations. With this in mind, Salmont began to develop a theory 
of such equations. His method was inductive, but the general case was not 
touched. Furthermore, the results which he obtained were proved only for the 
case where the manifold M r is the complete intersection of n — r spreads in 
S n , a manifold of a type referred to hereafter as "regular." The examples 
given at the end of § 2 show that such results may or may not be true for the 
general case. That no systematic development of the subject of restricted sys- 
tems has been attempted is due, no doubt, to the success of Schubert § and others 
in the field of enumerative geometry with the aid of the principle of the con- 
servation of number and a certain symbolic calculus. 

The object of this paper — the first of a series under the same title — is to 
give a general account of the theory of restricted systems of equations. The 
simple problem formulated above is considered in § 1. A solution is obtained 
in terms of the orders \ and of r + 1 so-called "index numbers of M r in 8 n " 
which depend only on the M r in 8 n . Certain theorems relating to the determi- 
nation of these index numbers are derived, and applications to specific prob- 
lems are made. 

* Written under the auspices of the Carnegie Institution of Washington, D. C. 

f Crelle, 92. 

J "Lessons on Modern Higher Algebra." Cf. E. Lasker, "Zur Theorie der Moduln und Ideale," 
Matematische Annalen, Vol. LX (1905), in particular p. 44 and p. 112. 

§ "Kalktil der abzahlenden Geometrie," Leipzig (1879); cf. Pascal-Schepp, Repertorium, Vol. II, 
Chap. XV (1902). 
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In § 2 there is treated the more general problem in which S n is replaced 
by a manifold M n in a linear space of any dimension greater than n. For this 
case the r+1 "relative index numbers of M r as to M" are introduced. It is 
shown that they have properties entirely analogous to those of the ordinary 
index numbers. Some relations connecting the two kinds of index numbers 
are also given. 

Further problems are readily suggested, and these will be discussed in later 
papers. Possibly the most important is that of the "incomplete restricted 
system/' namely: Given n — r-\-k spreads of orders \, . . . ., \- r+k on M r in S„ 
which meet in a residual M r _ k which has an M r _ k _ l in common with M r ; what 
are the index numbers of M r _ h and of M r _ h _ 1 in S n , and what are the relative 
index numbers of M r _ fc _i as to M r and as to M r _ k 1 For k = r we have again 
the problem of § 1. An obvious generalization is the problem of the "incom- 
plete relative restricted system." It appears that if r >2 + k, the ordinary 
index numbers of M r are not sufficient for the solution and further index 
numbers must be introduced. Closely related to the above inquiry is that as 
to the index numbers of a composite manifold in terms of those of its con- 
stituent manifolds. 

Beginning with the fact that k manifolds in S n of orders \, . . . . , \ and 

h 

dimensions r lf . . . ., r k , where 2 r t = n(k — 1), ordinarily meet in II \ points, 

i i = l 

we may ask what is' the reduction in this number due to the fact that the mani- 
folds all contain M r , r <r i . This question can be extended in the same direc- 
tions as the one originally put, and doubtless leads to the most general one in 
the subject. 

Some attention will be devoted to the determination of the index numbers 
of certain spreads, such as those defined by matrices and those which occur in 
mapping. 

§ 1. The Index Numbers of a Spread in a Linear Space. 

1. Let M r be a manifold of dimension r in a space S n whose section by an 
arbitrary S n _ (r _ k) , 0<k<r, is M k . In S n _ (r _ k) let M k be on n— (r—k) spreads 
of dimension n— (r — k) — 1 and of orders \,\, ...., \_ (r _ k) which meet 
further in a finite number, O k , of points not on M k . If <r,- be the sum of the 
products of the Vs, j at a time, then the (k-\-l)-th index number of M r in S n 
is denned by the formula 

(1) a k = a n _ (r _ k) — a <r fc — ajcr^! — a 2 <r fc _ 2 — — a^tfj — O k , 

in terms of the orders /I, the number O k , and the earlier index numbers a , a lf 
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. . . ., a k _ l , which are similarly defined by means of sections of M r in S n _ r , 
S n _ r+1 , . . . ., 8 n _ (r _ k+1) . In particular, a is the order of M r . The last index 
number, a r , is defined by n spreads of orders \ in 8 n and this particular form 
of(l): 

(2) a r = a n — a <r r — a 1 a r _ 1 — a 2 a r _ 2 — — a r _ 1 a 1 — r - r 

and it is convenient to say that 

(3) The r +1 index numbers of M r in 8 n are the last index numbers of M r 
and its successive linear sections. 

For a given set of index numbers, a , a t , . . . ., and a given set of orders, 
\ , . . . . , a h , we shall often use a symbol A i defined by 

(4) Aj — a (T,- + c^cr,-^ + a 2 0j_ 2 + + a j _ 1 a 1 +a j . 

Then, if <r' and A' refer only to the orders \ , . . . . , \ , we have 

(5) *,=<tj+m;-i, ^■=^-+\^- 1 . 

2. The index numbers defined above are independent of the orders of the 
spreads employed in the definition. This is certainly true of the first index 
number a , the order of M r , and according to (3) needs to be proved only for 
the last index number a r . Beginning with (2), which we write O r = ct n — A r , 
let the order \ of the spread /, be increased by. unity by adding to f x an arbi- 
trary linear spread L which cuts M r in M r _ 1 . Then 0" = al — A", where the 
superscript refers to the new order ^ + 1 and the possible new index number 
a". The points 0" outside of M r are made up of the points r and the points 
0' r _ x outside of M r _ x in L. But 0^_j = a^j — A' r _ x , where the superscript 
refers to the orders \ , . . . . , \ and the index numbers a , . . . ., a r _j . Thus. 
0' r ' = O r +0' r _ l = a n —A r +a' n _ 1 -~A' r ^ 1 = <y';—A—A' r _ 1 . Hence A' r ' = A r + A' r _, , 
and we see from (5) that a" = a r . By induction the index numbers are inde- 
pendent of any increase in any of the orders due to the addition of linear 
spreads. According to Schubert's principle of the conservation of number, 
they are independent of any possible increase. Since the original orders might 
have been the lowest possible ones, the index numbers are entirely independent 
of the orders. The application of Schubert's principle here is eminently proper. 
We may regard the spread M r as defined by / x ,...., /„ and the exclusion of 
the r outside points. Then / x L, . . . . , f n , with the exclusion of 0", define M r in 
precisely the same way for our present purpose. To be sure, f t L has M r _ t as 
a locus of double points at least while f x itself may have only simple points on 
M r _ x . But this does not affect the number of outside intersections. For in 
both cases / 2 , . . . . , f n meet in M r and a residual curve which cuts M r in y points. 
22 
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To obtain the legitimate number of outside intersections, we have only to choose 
L so that it contains none of these y points. 

(6) The index numbers of M r in 8 n do not depend upon the orders of the 
spreads used to define them. They depend only on M r itself and the dimension 
in which M r lies. 

The dependence upon the dimension is given below in (14). 
3. From (6) and (2) we have at once that 

(7) The order of a restricted system of equations in 8 n with the common 
solution M r is given by the formula 

O r — a n — a <i c! r — a l C r _ l — a i G r _ i — — a r ^ 1 o 1 — a r = o n — A r , 

in which cc , . . . ., a r are the index numbers of M r in S n and the a's refer to the 
orders of the given equations. 

Thus if the order of one restricted system for M r itself and for each of its 
successive sections is known and thereby the a's are determined, then the order 
of any restricted system involving M or any of its linear sections can be ob- 
tained. The first problem in the theory of restricted systems is the deter- 
mination of the index numbers of given spreads. Some theorems relating to 
this will now be derived. 

Let us call M r in S n a complete manifold of excess Jc if it is the complete 
intersection of n — r-\-h (0<Jc<r) spreads in 8 n . If, in particular, k — 0, M r 
will be called a regular manifold; an ordinary manifold, if it lies in an 8 r+1 
in8 n . 

4. Let then M r be a complete manifold of excess k defined in 8 n by spreads 
of orders \, \, . . . ., \_ f+i , of which \ is the maximum. In (1), O k — 0, 
and a k is determined in terms of the given orders and the earlier index numbers 
by the formula — a n _ r+k — A b . In 8 n _ r+k+1 an additional spread is required 
to determine a k+1 . This can always be taken equal to \ in such a way that 
O k+1 = 0, and for sections of greater' dimension further spreads of order \ can 
be used. By repeated application of (4) we can write the equations defining 
the index numbers beyond a k _ 1 as follows, the a's referring of course to the 
n — r-\-tc given orders: 

= \ <* n -r+k — \.\ A k + A k+1 ] , 

= K<r n - r+k - MA k + 2^A k+1 + A k+2 ], 



= Mo n _ r+k -[UA k + (J)a{-M fc+1 + (Q*t 2 A+2 +■•■■ 

+0-i)* i4i+ '- i+ 0) j ' + ' j ' 
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Multiplying these equations in order, beginning with the last, by the terms in the 
development of (1 — J^)' and using the formula 

<«> (xtvorc-xsrc- 2 )--- 

+<-i>- + -U2_o)CH?i:=:; 

we get A k+} = 0, if j > 0. Hence the index numbers, beginning with a k , are 
determined by the equations 

(9) A k = o n _ r+k , A k+i = 0, ; = 1, 2, ....,r — k. 

In the case of a regular manifold, A; = and A — a = <r re _ r is the order J of 
the manifold. Then equations (9) read thus: 

d = a , 

— a a 1 -\-a 1 , 

= a a 2 + a l a 1 + a 2 , 



= a Oj + a x (T^j + a 2 <7,_ 2 + + a y _ x (T x + a y . 

Multiplying these in order, beginning with the last, by 1, — P lf P 2 , — P s , . . . ., 
( — 1)' Pj, where the P's are the complete symmetric polynomials formed from 
the given orders, and recalling that 

(10) <y l -P 1 <r l _ 1 + P 2 o l _ 2 -P a a l _ s + .... + (-iyP l = 0, 
we find that a, = ( — l) i d P r 

(11) The index numbers a k , . . . ., a r of the complete manifold M r in S n 
of excess k are determined in terms of the given orders and the earlier index 
numbers by the equations (9) ; those of a regular manifold are a y = ( — l) 1 dP j} 
j = 0, . . . . , r, where d is the product, P s the complete symmetric polynomial 
of order j, formed from the orders of the n — r spreads in 8 n which cut out M r ; 
those of an ordinary manifold M n _ 1 in S n of order d are a,- = ( — 1) } d i+1 , 
j = 0, , n — 1. 

In particular, if M r is a linear manifold 8 in 8 n , it is regular, being cut out 
by n — r ordinary linear spreads, and P y reduces to the number of terms in the 
complete symmetric polynomial of order j in n — r variables, which is known 

to be ( .' J, whence 

(12) The index numbers of an 8 r in S n are 

a^i-lV^y- 1 ), j = 0,l,....,r. 
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5. If M r in 8 n has index numbers a, then M r in an 8 n+1 containing 8 n 
has index numbers a', where 

(13) a'j = a y — a,-_ x + a,-- 2 — a,-- 8 + + ( — 1)'<V 

This is true of ao, the order of M r ; let us assume it for a[, . . . ., a' r _ 1 and 
prove it for a' r . If in 8 n a r is determined from O r = a n — A r , in 8 n+i a' r is 
determined by an additional linear spread, the 8 n itself, T being the same as 
before. Hence O r = 1 • a n — A' r , where in A' T a' k = a k + a k _ x . Thus 

A r = A' r = ai(<r r +<r r _ 1 ) +ai(<r r _ 1 + <r f _ 8 ) + +a r _ 1 (o 1 +l)+a r , 

or 

A r = a' G r + (ao+aj)o'r-i+ («i+«2)o'r-2+ + -(a£_ 2 +a£_ 1 )<r 1 + (a^j+oO- 

Assuming (13) up to j = r, this determines a' r , which is of the same form since 
a' k + a k _ 1 = a k . By repeated use of (13) we find that 

(14) If the index numbers of M r in 8 n are a , . . . . , a r , the index numbers 
of the same M r in 8 n+p are 

af = a,-(f )a / _ 1 + (^ + 1 )a,._ 2 -(^ 2 ) S ._ 3 + . . . . + (-l)^+f >„, 

3=0,1,. ...,r. 
This, applied to an 8 r in 8 n , yields through (12) the relation 

(«) (o) cr)+ Ci 1 ) r:- 1 ) + Cf ) C + r 2 ) + • ■ ■ ■ 

+et c )o=ct c+i y 

6. Let M r (a) in 8 n be cut by the spread F of order q in M r _ 1 (a')- Then 
a' =qa ; let us assume 

a2=^a2— e 2 ai + 2 3 a 0> 



(16) 



■ > 



aJ_j=go,_ 2 -g 2 a r _s + g 3 a r _4-. • • • + (— l) r " V -la o> andprovethat 
a' r _ 1 = qa r _ 1 —q 2 a r ^ + q s a r _ s — + (— l) r ~ya . 

Let spreads of orders 2, n . . . ., \_ x on 2Hf r meet outside M r in a curve C whose 
order (from a linear section) is O r _ 1 = a n _ 1 —A r _- l , the o's being formed from 
\, . . . ., \_ 1 . These n— 1 spreads together with F make up n spreads on M r _ 1 
which meet again in 0' r -i points outside M T _ 1 , the points where F meets C. 
Hence 0^._ x = q O r ^ x = a' n — A' r _ x , A' r _ x being formed from the a"s and a"s 
which in turn are formed from \, . . . ., \_ t ,q. Hence A' r _ x = 2 A— i an< 3 a' r _ x 
is determined by 
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^ (<r, + qa r _ x ) + a' x (a r _ x + g<T f _ 8 ) + + a' r _ 2 (<r x + q) + a^ 

= g(a o r + +a r -i)> 

or 

a£tf f + (ai + gao)o'r-i+ + (a' r _ x + qa' r _ 2 ) = q(a G r + +a,_i). 

Assuming (16) true throughout, this equation is satisfied since then a\ + qa j _ 1 
= QP-n i = 0, 1, . . . . , r — 1. Hence 

(17) If M r (a) in S n is cut by a spread of order q in an M r _ x , the index 
numbers a' of M r _ x in 8 n are given by (16) in terms of q and the a's. 

For g = l we have again the formula (13). If M r is a regular manifold, 
so also is M r _ 1 , and (16) merely expresses that P' k = q k + g fc_1 P x + ....+ P k , 
where P' { is formed from \, . . . . , \_ x , q and P t from \, . . . . , \_ x only. 

7. The theorem (17) can be generalized as follows: 

k 

(18) If M r (a) and M s (@) in S n meet in an M r+S _ n (y) , then y k = 2^^. 

Let us prove this provisionally for the case where one of the manifolds, 

say M s ({3), is regular, being determined by n — s spreads of orders p, q, 

Then M r+I _ n is the meet of M r (a) and these spreads in order, and the index 
numbers of the successive sections according to (17) are 

pa , pqa , , 

pa x — p*a , pg.^i — PQi{p + q)a , , 

pa 2 — p 2 a x + p s a , pqa 2 — pq (p + q) a x + pq (p 2 + q 2 + p q) a , , 



Substituting the index numbers of M,((3) as given by (11), we have the desired 
formula. A more general statement is : 

(19) If in S n b spreads M ri (a (1 >), M r2 (a< 2 >), , i¥ r6 (a (6) ) meet in an 

M Sri _ n(b _ 1) with index numbers /?, then fi k = SaJ'af .... a^, where i x + i 2 + 
+ i b - k. 

In (17), (18), (19) we have generalizations of (11) relating to regular 
manifolds. If in (19) the dimensions r lf . . . ., r b are all equal to n — 1, i¥(/3) 
is a regular M n _ b . 

8. Given M r (a) in 8 n ; let a' be the index numbers of M r doubled, i. e. [M r ] 2 . 
A section of M r by an 8 n _ r is <x points, which are doubled if M r is doubled, and 
account for 2 n ~ r a g intersections, whence a' = 2 n ~ r a . Let us assume that 

a' k = 2 n - r+k a h for k = 0, 1, , r — 1 and prove that a r = 2"a r . Let M r be 

determined to within certain outside points by f x ,....,/„, of orders \, . . . . , \ , 
and also by g x , . . . . , g n , of orders (i x , . . . . , (i n . Then [ M r ] 2 is determined by 
/i ' 9i » ••••■> fn' 9n to within 0' r outside points, or 

n 

a' r = U(7, i -\-[i i )—a a r (% i +[i i )—a x ai T ^ x (\+^ i ) — —a' r _ 1 o 1 (\+ &) — ()',.. 
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The points 0' r arise from any k spreads / and n — k complementary spreads g, 
whence 

0' r = 2 [Aj a, 2 \ fi k+1 t* n — a a r — aj <J r _ t — — a r _! c, — a r ] , 

where 2 refers to the 2 n choices of \, ,\, (i k+1 , , p n . Collecting 

the terms in 0' r , we find that 

n 

0' r = U(\ + (i % ) - 2"-'a <r f (\+ &) - 2— + 1 a l a r _ 1 (\ + ^) - . . . . 

-2»- 1 a r _ 1 (T 1 (\. + ^)-2»(x r . 

Substituting this value in a r and using the assumed values of a , . . . . , a! r _ x , 
we find a' = 2 n a, , whence 



v r J 



(20) 7/ ^e index numbers of M r in S n are a, the index numbers of [M r ] 2 
are aj = 2 re - r +>'a 3 ., ; = 0, 1, , r. 

Using an additional set of spreads h 1} . . . ., h n on M r of orders v u . . . ., v n , 
and a similar argument, we find the index numbers of [M r ] 3 , etc. The result 
is as follows : 

(21) The index numbers of an l-fold M r in S n in terms of those of the 
simple M r are a'j = l n ~ r+j a r 

9. Let M r (a) in S n be contained simply on spreads of orders \, . . . . , \. 
We ask for the number O r of points outside of M r common to n spreads f 1 ,...., 
f n of orders Z 3 , , l n , which contain M r \, . . . ., k n times respectively. Con- 
sider the n degenerate spreads, 

where ul h) is a spread of order \ containing M r simply, and P<'* -*<*<> ig a 
spread of order l t — k i \ in general position with regard to M r . These degen- 
erate spreads satisfy the conditions of the problem, and from them O r can be 
calculated. We find that 

o r = n (h-W) + sn (i t -k t \) k n \ + 2 n (Z,-M<) a^a-A-A 

1 1 1 

r 

+ + 2 II (li—k { \) (2, r+1 \ +2 \— a ) fl; r+ A+2 \ 

r-l 



+ 2 II (^— ^.\) (\\ +1 \— aoffj — cO&A+i \ 

r— 2 

+ 2 II {li—k.\) {\^\ \—a o i —a i o x —a z )k r _ l k r . . . 



+ + (\%2 \—a a r —a 1 a r _ 1 — a r ) k x k 2 k n . 

To divide this by k x - k 2 •....• k n amounts to replacing l t by ^ and dropping 

k{ 

the other k's. Then O r takes the form O r , which is obtained from n spreads 
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v (i) ' P (j; — %i\ v (i) being of order \, i. e., the number O r obtained from n spreads 

of orders ^ containing M r simply. Hence 

(22) The number of points not on M r (a) in S n and common to spreads 
f lf ....,/„ of orders l lt . . . . , l n , which contain M r k u . . . .,k n times respectively, 
is given by the formula 

where the a's refer to ~, ..... ^ . 

V K 

If the k's are all equal, this furnishes the same result as (21). 

10. In 8 n let M' r and M" be two non-incident manifolds with index numbers 
a' and a" respectively, where s < r and r + s < n. Let the index numbers of 
the two manifolds considered as a whole be a. From their sections we see that 
dj = a'j for j = 0, 1, . . . . , r — s — 1. In determining a r _ s , we find that O r _ s 
is 0' r - s diminished by a'o , the order of M", whence a r _ s = a' r _ s + a' '. Let us 
assume, then, that a i = a\ + a"_ (r _ s) for j = Q,l, . . . . , r — 1, and prove that the for- 
mula holds when j = r also. If to within certain outside points M' r is determined 

by spreads f lf ,/, of orders \ , . -. . ., \, and M" by spreads g 1} , g n 

of 'orders fi L , . . . . , fi n , then M' r • M" is determined by spreads f 1 - g 1} ....,/„• g n 
of orders \ + (i 1} . . . . , \ + (i n to within O r outside points. These points arise 
from the intersection of the meet of f lf . . . ., f k (residual to M' r if k>n — r) 
and the meet of g k+1 , . . . ., g n (residual to M" if n — k>n — s). The orders 
of these residual intersections are determined by a proper section, and we find 
that 

O r = X \W • • • • \ — aoCfc-^-r) — a' 1 k _ 1 _ (n _ r) — .... — a' k _ (n _ r) \ 

' [C-k+l^k+Z • • • • f-n a a s-k a l "s-l-fc — • • • • — a s-k\, 

the 2 referring to all possible complementary choices of n Vs and (i's, and the 
a's in a brace referring to the quantities appearing in the first product of the 
brace. From this value of O r we can find a r . If we suppose that a r — a' r + a'^, 
we have only to verify that O r above and 

= o n (\ + nd — a o r {\ + ft) — — oJ_,_ 1 <r, +1 {\ + p t ) 

— (a' r _ s + a'o ) a s (\ + (ii) — — (a^ + ai_ x ) a t (\ + (i t ) — (a' r + a',') 

are the same. In the first value the terms free of a' and a" are a n (\ + p { ), 
as also in the second. There are no terms in the first expression containing 
both an a' and an a", since r + s < n. In each expression an a' or a" is multi- 
plied by all possible terms of a definite simultaneous degree in "k and (i, whence 
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their coefficients must be the same. This identifies the two expressions, and 
the assumed formula for a t is generally true. 

(23) // two non-incident spreads M' r and M" in 8 n (s< r, r + s <n) have 
index numbers a' and a" respectively, the two together constitute a manifold 
which has the index numbers a } = a) + a'-_ (r _ s) , j = 0, 1, . . . ., r. 

The generalization of (23) to the case of any number of manifolds, no two 
of which have common points, is obvious. The argument used does not apply 
(nor is the result true) in the case where M' r and M " have common points, say 
a common M'i', unless M'I' be doubled. This is due to the nature of the spreads 
used above to determine O r . 

11. Given a curve M x (a) mS n ,n — 1 spreads of orders \, . . . .,\ on it meet 
in a residual curve M x (@) which cuts M 1 (a) in M (S-) points. From a section 
a -f ft = a n _ x . A further spread of order I on M 1 (a) cuts M t ((3) in /? 1 — S 
points outside M 1 (a) . This number is given by O x — l a n _ 1 — a Q (a x + I) — a a ^ 
Equating the two numbers, we find from the coefficients of I that a + /?o = <T «-i 
and & = a a 1 + a t . The two curves are mutually related, since they constitute 
a regular curve, whence also & = ft a x + ft . The index numbers of the two 
according to (11) are a n _ x and — o , 1 cr r! _ 1 or a +ft and — (a +/3 )<J 1 =a 1 +/? i — 2&„. 
That these are the index numbers of any two curves M 1 (a) and M 1 ((3) with & 
common points can be proved directly. Let n — 1 spreads on the two meet again 
in M 1 (y), which cuts M x {a) in ri points and M^fi) in £ points. If the index 
numbers of the pair M 1 (a), M 1 ((i) are a + ft, a 1 + fi 1 + x al3 , and similarly for 
the other pairs, then we have from the above, regarding each curve in turn as 
residual, the following relations : 

(«0 + ft) <*1 + «i + ft + %a[S — >7o + £o = 7o<*i + Tl » 

(ft + To) <*i + ft + Y\ + %7 = £o + &o = "o^j + oi. 

(yo + a fl) Ci + 7l + «j + *a 7 = $0 + >7 = /Vl + ft • 

From the first and the sum of the last two we find that x afi — — 2 & . Hence 

(24) If n — 1 spreads of orders \, . . . ., \ on M t (a) in 8 n meet in a 
residual M 1 (^) which has M (&) points in common with M 1 (a), then the index 
numbers ft, ft, 3> are determined from the equations 

<*o + ft = On-i , a <f 1 + a 1 = & = ft <S l + ft . 
The index numbers of an M^a) and M^fi) with common M (S>) are a + ft, 
a 1 + P 1 — 2$ . 

Given a curve M 1 (a) in S 3 of order v, genus n, and rank y (class of the 
projection) with d apparent double points, let the cones on M x (a) with vertices 
at Pj and P 2 such that P^^ is skew to M x (a) meet in a residual curve M t (^) 
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of order v 2 — v which meets M 1 (a) in & points. These & points arise (a) from 
the points where a double generator on P t or P 2 meets M 1 (a), i. e., Ad points, 
and (b) from the y points on M 1 (a) of contact of planes on P 1 P 2 . Thus 
3- = 4 d + y, where y = 2 (v — 1 + n) and d — \ (v — 1) (v — 2) — n. But 
& = a a x + a x = v (2 v) + aj , whence 04 = — 2v — 2 (x» — I + 71). If also 
M 1 (a) has <5 actual double points, M x (^) has the same double points, each of 
which counts for two points in 3- , whence & = 4 (d + $) + y — 2$, and 
a x = — 2v — 2 (v — 1 + 71 + S) . Hence 

(25) The index numbers of a curve in 8 S of order v, genus n, and rank y, 
with $ actual double points, are 

a = v, «!= — 2v — 2 (v — 1 + 71 + <5) = — 2v — y — 2$; 

i. e., they are the same as those of v lines with v — 1 + n + $ intersections. 

Using these index numbers and (22), we find that 

(26) Three surfaces of orders n 1} n 2 , n s ivhich contain k 1} k 2 , k s times 
respectively a space curve of order v and rank y, with $ actual double points, 
meet again in 

n L n 2 n s — v {n x k 2 k s + n % k z \ + n z \k 2 ) + k x k 2 k z (2 v + y + 2 h) 
points* 

The index numbers of a curve with a higher singularity do not depend on 
the order of the singularity alone. For example, if the tangents at a triple 
point lie in a plane, the curve behaves at that point like three lines in a plane 
with three intersections, otherwise like two lines meeting a third with two 
intersections. 

(27) The index numbers in 8 n of a curve of order v and genus n, with 
S actual double points, are v, — v (n — 1) — 2 (v — l + 7i+$). 

This is certainly true according to (24), if the curve in 8 n , as in #3, can 
be replaced by v lines with (v — 1 + n + 6) intersections. It merely requires 
that the second index number shall increase by v, if the curve is projected into 
the space of next lower dimension. This requirement is satisfied on projection 
from S s to # 2 , since the index numbers in 8 2 are v, — v 2 [see (11)]. It is 
satisfied also on projection from an 8 k+T to an 8 k+ir _ 1 , when the curve itself 
lies in an 8 k [see (13)]. We shall assume provisionally that the requirement 
is satisfied for intermediate projections. 

12. It is clear that the formula (7) for the order of a restricted system 
will in most applications be a rather complicated expression. In order to 

* Cf. Pascal-Schepp, Repertorium, Vol. II (1902), p. 212. 

23 
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simplify it, certain numerical relations among the binomial coefficients are 
given here. Most and possibly all of these are known ; but for lack of definite 
references proofs of the more complicated relations are indicated. 

10 - G)=G-0- 

2 °- G)C7 6 )=(A)0t0=C)(V> 

3 °- GMV)+G=D- 

*-• (T)=G)+G'=0+a=2)+-+(V)- 

This is proved by repeated use of 3°. 

«•• ('i-)=(V)G)+G)G=i)+Ct 1 )(?=D+-- 

+C + r i )(V)- 

This is proved by repeated use of 4° [see (15)]. 

«-• Cf)=G)ffl+(0G-i)+G)(»-2)+-- 

+G)G-o> 

This is proved by repeated use of 3°. 

*•• G)=(T)-Gii)+Gi2)-- + (- 1 > , Gr)- 

This follows immediately from 3°. 

»•• G) = (v 1 ) (°io - (0 Gii) + ct x ) a±o - • • • • 

+<-i) , c + r i )Gr)- 

This is proved by using 7° repeatedly. 

9 °- (S)(»)«"-©Cr>- , « + ©(V>--'---" 

+(-i>-(^»)®« , = (»)<—)-• 

The factor ffj can be removed from each term by using 2°. 

»•■ (o) CD - (0 c + r ') + (X + r 2 ) - ■ ■ • • 

+(-i)- + -G + :_ 6 )G)= o - if ' ,<< *- 
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Reduce the upper numbers in f a ^J )> ( j )> •••• by means of 6° and 
apply 9° for s = t = 1. 

= (v 6 ) cr) (-«)• + r i +l ) Gio (-«)- * 

= (V) (0 •* + CO (S=i) -- 1 <— *> 

+( a t 1 )G+l)«- <-*>"+ •••• +( a+ *- 1 )(V)<-«)*- 

In the first expression raise the upper number of the first factor of each 
term by c — & + 1, according to 8°. Each term of the result can then be modified 

by 2°. Collecting the coefficients of [ „ )> ( i )' ( 2 )» ••••» 

and using the expansion of (5 — £) J ', the second expression is obtained. If in 
this a + c be reduced by a or more, according to 5°, and the coefficients of 

(j), (j -j ) , ( 1 n ) > • • • • be collected, the third expression is obtained. 

13. If point conies in a plane be mapped on the points of an S B , the go 2 
repeated lines of the plane are mapped on the points of the Veronese surface, 
F|. The point conies apolar to a given line conic are mapped on an 8± in S 5 , 
those apolar to two given line conies on an 8 S in S s . The latter system con- 
tains the squares of the common lines of the two line conies, whence <x of F£ 
is 4. A section of F\ by an 8 i is a quartic curve necessarily rational, since it 
lies in S i or since it is the map of the lines of a line conic. Using (27) for 
v = n = 4, n = h — 0, we find that a x — — 18. The point conies which, in line 
form, are apolar to a given point conic map on a quadric which contains F|. 
Since there is only one proper conic apolar to five given point conies, five such 
quadrics on F\ meet in one outside point, whence to determine cc 2 we have the 

equation 1 = 2 5 — a f ~ J 2 2 — a x ( 1 J 2 — a 2 or a 2 = 51. 

(28) The index numbers of the Veronese surface F\ in S 5 are 4, — 18, 51. 

If (ax) 2 = (a' x) 2 = . . . . be a variable point conic, and (bx) 2 = (&' x)' 2 = 
.... be a fixed point conic, then in the discriminant equation of the pencil, 
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(aa'a"y + 3*{aa'b) 2 + 3X i (abb')z + W(bb'b"y = 0, 

(aa'fl") 2 = is a cubic spread in S s containing F\ doubly, (aa'&) 2 = is a 
quadric spread containing F\ simply, (a&&') 2 = is an S 4 , while (bb'b") 2 
is a constant. Hence the discriminant of this cubic equation — the tact-invariant 
of the two conies — is in 8 S a sextic spread containing Fj doubly. According 
to (20) the index numbers of Ft doubled, are 2 8 -4, — 2 4 -18, 2 5 -51, and five 
such sextic spreads will meet outside F\ in 

2 = 6 5 — (T\6 2 -2 s -4 + Q)6-2 i -18 — 2 5 -51 = 2 5 -102 = 3264 

points, whence we have the well-known theorem : * 

(29) There are 3264 proper conies which touch five given proper comes. 

14. Let us ask how many proper conies touch a general rational plane 
quintic five times. Conies cut the quintic in sets of ten points determined by 
binary ten-ics apolar to five binary ten-ics. We want, then, the number of 
squared quintics apolar to the five ten-ics exclusive of the oo 2 quintics deter- 
mined by line sections whose squares obviously satisfy the apolarity conditions. 
Map binary quintics upon the points of an S 5 , and the line sections will map 
on points of an 8 2 . The apolarity condition of the squared quintic and one of 
the five ten-ics represents in S B a quadric which contains the 8 2 . The index 
numbers of the 8 2 in 8 B are 1, — 3, 6, whence five quadrics on 8 2 meet outside 

of 8, in 2 = 2 5 — (g) 2 2 - 1 + (^) 2 • 3 — 6 = 16 points, or 

(30) There are 16 proper conies which touch a general rational plane 
quintic curve five times.i 

15. A plane curve of order r, f, is determined by ir(r-\-S) constants. 
If it degenerates into an / s and an f r ~% s <r, the two contain only X + M con- 
stants, where /l = is(s + 3) and (i = !(/■ — s) (r — s + 3), whence to degenerate 
thus is s (r — s) conditions. Given then a linear system of 00 *o—*> f r 's, how 
many members of the system degenerate into an /* and an f r ~ s . The system 
is apolar to X + (i linearly independent curves of class r ; i. e., the coefficients of 
its members satisfy "k + n apolarity conditions. Map the curves /* upon the 
points of an 8 X , the curves f r ~ s upon the points of an 8^ which lies skew to S x 
in an $ x+jK+1 . Then a product f s - f r ~ s can be mapped by any point of the line 
joining the maps of f' and of f~ s . Taking a section by an 8 x+fi , such a line 
or such a product is represented by a point. Conversely, a point in 8- K+ll 

* Pascal-Schepp, Bepertorium, Vol. II (1902), p. 433. 

■j- Cf. F. Morley, "The Contact Conica of the Plane Quintic Curve," Johns Hopkins University 
Circular (1912), No. 2. 
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represents such a product unless it lies in the section 8 X _ 1 or the section 8 /l _ 1 , 
in which case f~ s or /* respectively vanishes identically. The apolarity rela- 
tions furnish 2,+fi quadrics in S x+fl on 8 X _ 1 and 8 li _ 1 . The index numbers of 

X -i h ^x+, are 1, -(^l 1 )' (?¥) > ■■••. (— l)^ 1 ^ aXT 1 )' th ° S6 ° f 
^ are 1, -(^j 1 ), (*+ 2 ), •••., (-l)"- 1 ^^ 1 ). Since the 8,_, 

and (S' itt _] have no common points, according to (23) their index numbers are 
additive and the X-\-(i quadrics meet outside of $x_i and 8 /l _ 1 in 

o = 2- - [(£?) 2>- - (*is) 2- • ("+ 1 ) + gig) »- • c+ 2 ) 

-[Ci0 2 '--e^) 2 *--et i )+ci§) 2 '- , -ct 2 ) 

Apply 11° to the brackets and they become respectively 

[Gif)+Gis)+ • • • ■ +ci")] - [eio+e±?)+ • • • • +cv)} 

The sum of the two is (l + l) x +* — (^^) , whence = (* +'*) . 

(31) In a linear system of co *c— ») plane curves of order r there are 
( T ) which break up into a curve of orders and a curve of order r — s, 

a = -£s(s + 3), ^ = i(r-*)(f-s + 3). 

The same result is obtained at once by the methods of Schubert, if the 
/l+jti curves of class r be taken as r-fold points. 

16. Given a rational curve of order v in 8 k , how many 8 k _ 1 'a meet it 
% times in (i coincident points, 2,((i — l) = ft? The -S' A ._/s determine on S k 
h-j-1 linearly independent binary forms /" which are apolar to v — It forms 4>". 
We want the number of forms in the system /" of the type [g x Y • h"~ k ~ x . 
The forms g x map on an 8 X , the forms /i" _i;_x on an 8 v _ k _ x skew to 8 X in an 
8 v _ k+1 . Taking a section by an 8 v+k , g x and h"~ k ~ x are represented by 
points outside the exceptional sections 8 x _-i and 8 p _ k _ x _j. Then the v — k 
apolarity conditions give rise in 8 v _ k to v — k spreads of order p+1 which 
contain S p _ k _^_ t /i times and S' x _i once. In S v _ k the index numbers of 8 X _ 1 
are 



and 
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those of the ^-fold 8 v _ h _- K _ 1 are 

^ ' t 1 UK V2 ;'••••><■ -^ p u_^_a— iy- 

Since the two manifolds have no point in common, we have 

o = (^+i ) "-'-[(!;zi)(/<+i) > - , -(Il2)<c+i> > - I C"*7 ;i+1 ) 

+ .... + (-D'-Co^c+^-Cr-r 1 )] 
-[(,_ii;_0^ +i >'"'" i " , ^ + ' 

-UdL-2)o.+ i >'--'-^Ct 1 )+-- 

Applying 11° to these brackets, they become respectively 

K+i)+Gt*2)"+--+(V)<-"- > -']^'- 

Hence the sum of the two is (p + 1)'-* — p x ("^) and = ^( V ~^ k )- 

(32) The number of S k _ 1 's which meet a rational curve of order v in 8 k 
2, times in (i coincident points, where 2,((i — 1) = k, is [i x ( „ J . 

The formula furnishes for a rational curve in 8 2 the number of flexes and 
double tangents, for a rational curve in S 8 the number of hyperosculating and 
triple tangent planes, for a rational curve in 8 i the number of hyperosculating, 
doubly osculating, and quadruply tangent S 3 % etc. 

The examples given above are drawn from a rather restricted field, since 
we have thus far developed explicitly the index numbers of regular manifolds 
only, or of combinations of them which have no common points. The extension 
of (32) to the case where the points of a section come together in any pre- 
scribed fashion can not yet be derived,* since, if more than two sets appear, 
the corresponding linear spreads have common points. 

§ 2. Relative Index Numbers. 

17. Given in 8 n a manifold M r (a) and a manifold M r _ k (y) upon it, 
0<&<r, then r spreads f ly . . . ., f r of orders l lt . . . ., \ will meet M r (a) in 
general in a a points. But if the spreads f i all contain M r _ h (y), we define 

*I am indebted to Professor Morley for the formula which applies to this general case. 
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the relative index number, (ay) r _ k , of M r _ k (y) as to M r (a) in terms of the 
orders \ and the earlier relative index numbers [which are similarly defined 
for successive sections of M r (a) and M r _ k (y) ] by the equation 

(33) O r _ k = a a r —(ay) a r _ k —(ay) 1 a r _ k _ 1 — (ay) 2 a r _ k _ 2 — — {ay) r _ k , 

where O r _ k is the number of points of M r (a) outside of M r _ k (y) cut out by 
the spreads / i} and the a'a refer to the orders %. In particular, (ay) is the 
order y of M r _ k (y). We shall now prove that 

(34) The relative index numbers of M r _ k (y) as to M r (a) are independent 
of the spreads used to define them, and also of the dimension in which the base 
spread M r (a) lies. The order of a relative restricted system of. equations is given 
by (33) in terms of the orders of the equations and the relative index numbers. 

For if \ increase to ^ + 1 by using the spread f 1 • L, where L is a general 
8 n _ 1 , then, from a section by L, O r _ k is increased by 

(K- h - 1 = a Or- 1 — (ay) o' r _ h _ 1 —( L ay) l o' r _ t - i — — {ay) r _ k _ x , 

where the <r"s refer to \, . . . ., \. But this is precisely the increase on the 
right of (33) due to the change in \; i. e., (ay) r _ k is unaltered and is inde- 
pendent of the orders. The same is true of the earlier index numbers. Again, 
if M r (a) is supposed to lie in an S n+1 containing 8 n , then, in 8 n+l , spreads of 
the same orders "k determine the same number O r _ k of points of M r (a) outside 
of M r _ k (y). 

Evidently the index numbers a of M r (a) in S n , as defined in § 1, are 
merely the relative index numbers of M r (a) as to S n . We might define the 
absolute index numbers of M r to be the relative index numbers of M r as to the 
linear space of lowest dimension in which M r lies, a linear space S r being 
supposed to lie in an 8 r+1 . Thus the absolute index numbers of an S r are 
1,-1, ...., (-1)*, ...., k=0, ....,r. 

18. The theorems of § 1 can be generalized to apply to relative index 
numbers. The extension of (11) is: 

(35) If M r _ k (y) is the regular meet of M r (a) with spreads of orders 
l lt . . . ., l k , the relative index numbers of M r _ k (y) as to M r (a) are 

(«y)i= (— 1 ) j a r k T j , j = 0, , r — Jc, 

where t and T are the symmetric and complete symmetric polynomials in 

hi • • • • > h- 

For further spreads of orders \, . . . ., \_ k on M r _ k (y), the numbers 
1 ,...., O r _ k are all zero. First (ay) = y = a t k ; also O 1 = = a t k \ 
— (ay)o ( r i + ^i) — («y)i» whence (ay) i = —a t h T 1 . Assume (ay),. = 
( — lJ'ao'Tj. T i for j = 0,1, ... ., r — Jc — 1, and let the cr's refer to l x , . . . ., l r _ h . 
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Then 

O r _ k = = a <t k o r _ k — (ay) [a r _ k + a r _ k _ 1 t 1 + + tf r _ 2A; tJ 

— (ay) r _ k _ 1 {a l + 'r 1 ) — (ay) r _ k . 

This equation determines (ay) r _ k . It is satisfied when also (ay) r _ k = 
(—l) r ~ k r k T r _ k ; for then we find that 

= a * k [a r _ k (1-1) + a r _ k _, (-t 1 + T 1 ) + a r _ k _ 2 (_r 2 + r 1 T 1 -T 2 ) + . . . . 
+ {-r r _ k + r r _ k _ 1 T 1 -t r _ k _ 2 T, + . . . . +{-iy-^T r _ k )}, 

which according to (10) is true. 

The following theorem is the analogue of (17) and is similarly proved: 

(36) If (ay)j are the relative index numbers of M r _ k (y) as to M r (a) J 
the relative index numbers (.ay)], of M r _ k _ 1 , the complete meet of M r _ k (y) 
and a spread of order q, as to M r (a) , are 

(ay)' j = q(ay) j — q 2 (ay)^ 1 + q 2 (ay) j _ 2 — + (— l) J '(ay) , 

3=0,1, ,r— k— 1. 

Let us state without proof that 

(37) The theorems (18), (19), (20), (21), (22), (23), when generalised 
as above, remain true for the relative index numbers of spreads on an M r . 

19. The following three theorems are of different type from the foregoing : 

(38) The relative index numbers of M r _ k (y) as to the regular meet M r (a) 
of n — r spreads of orders \ , . . . . , \_ r in S n , in terms of /I and the index 
numbers y of M r _ k (y) in 8 n , are 

(ay) j = y i + y j „ 1 o 1 + y j _ 2 o 2 + + y a s , j = 0, 1, , r — Jc, 

where the a's refer to the %,'s. 

Let M r _ k (y) and its sections be on as many spreads of orders l x , l 2 , . . . . , 
in addition to those of order X, as are necessary to determine them, and let 
the t's refer to symmetric combinations of the l's. First (ay) = y ; then 
1 = a n _ r t k+1 — y (<y 1 + , r 1 )— y 1 = a n _ r t k+1 — (ay),*,- (ay),, whence (ay) 1 = 
Yx + Yo a x • Assuming the theorem true for j = 0, 1, . . . . , r — h — 1, we have 

O r _ k = a n _ r t r — y (a r _ k + a r _ k _ 1 t 1 + + V-*) 

— Yx K-&-1 + <*T-k-2 *1 + + *,-*-i) — — Yr~ k 

= <y n - r *r — /o *,-t — (Yx + <*i Yo) *r-k-X ~ 

— (Yr-k + Yr-k-X <*X+ + Yo <*,-*) 

= a n _ r t r —(ay) t r _ k —(ay) 1 v r _ k _ 1 — — (ay) r _ k . 

Hence (a y) ,_» = y r _ k + y t - k - x a x + + o r _ k . 
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The generalization of this to the case where the y's are relative index 
numbers is: 

(39) // (ay)j are the relative index numbers of M r _ k (y) as to M r (a), 
the relative index numbers (a t y)j of M r _ k (y) as to M r _ t (i <k), the regular 
meet of M r (a) and i spreads of orders \, . . . . , \, all on M T _ k (y), are 

(a i y),. = (ay) J .+ (ay) J ._ 1 (r 1 + (ay),_ 2 <r 2 + + (ay) j _ i a i , j = 0,l, , r—k, 

where the a's refer to \, . . . . , \ . 

The following theorem generalizes the notion of a linear section: 

(40) If (ay),- are the relative index numbers of M r _ k (y) as to M r (a), 
and if M r (a) and M r _ k (y) be cut by a spread of order q in M r _ 1 and M r _ k _ l 
respectively, then the relative index numbers of M r _ k _ l as to M T _ l are 

(ay); = g (ay),-, ; = 0, 1, , r — k — 1. 

This is proved by finding from (36) the relative index numbers of M r _ k _ l 
as to M r (a) and then using (39) to get the required relative index numbers. 

The theorem (14) of § 1 can be generalized as follows: 

(41) Given an M r (a) which contains an M r _j (/?) which contains an 
Mr- k {y), k>j; then 

provided either M r _ 7 (/?) is a regular meet of M r (a), or M r _ k {y) is a regular 
meet of M r _,.(/?)-. 

For in the first case we can solve the formulae given in (39) for (ay)„ in 
terms of (a,y)„ = {fiy)v an d substitute the known relative index numbers 
(afi)^. In the second case (36) can be repeatedly applied, and the known 
relative index numbers (/3y)„ can be substituted. 

That the provisos in (41) are essential is shown by the following example: 

On M r (a) =S 5 let us define the M r _,.=M 3 (/3) by the matrix 123 = K**^ = 0, 

I V\ y% y% 

where the variables represent general linear forms in S 5 . On M r _ j (^) let us 
define M r _ k (y) = M 2 (y) by x, = y 1 = 23 = 0. Neither M s (p) nor M 2 (y) is 
regular in the sense of (41), and the formulae of (41) do not hold. In fact the 
index numbers (a(3) t are the index numbers (3 t in # 5 . For @ Q we have in # 2 
two conies, 12 = 0, 13 = 0, on the outside point x 1 = y l = 0, whence ($ = 3 . In S s , 
S i and # 5 , M a ((3) is a complete spread determined by quadrics, whence (i 1 = — 10, 
& = 24, /? 3 = —48. Evidently y = 2. In S if x 1 = y 1 = are two ^ 3 's on M 1 (y ) 
which meet M 2 (/?) only where 23 =0, i. e., in no points outside Mj(y), whence 
= 3-1-1 — (1 + 1)2 — (jSy),, or (/3y) 1 = — 1. In S 4 , M x (y) is a conic, so that 
24 
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its index numbers are (ay) =2, (ay),= — 8. Thus we have y =(ay) = 2, 
(ay), = —8, O = (a0) o = 3, (a0), = — 10, (0y), = — 1. The equation 
0o (ay)o= ( a 0)o (0y)o of course is true, but O (ay), = (a0) o (0y), + 
(a0), (0y) o is not true. 

On the other hand, theorem (18), which has thus far been proved only for 
the case where at least one manifold is regular, holds in the following example, 

•*, <"% "^S I A 

0, the variables representing 8 t 's in general 



where neither is regular. In 8 5 let M s (a) be denned by 123 



and M s (0) by 123'- , , , 

t 1 t 2 t 3 

position. They meet in a curve M 1 (y) whose index numbers, according to (18), 

are y = a O = 9 and y, = a 0, + a, O = — 60. To verify this, note that the 

two quadrics 12 = and 13 = meet in M 3 (a) and the S s , % 1 = y l = 0; also 

that 12"' = and 13 7 = meet in M s (0) and the 8 3 , z l = t L = 0. The four 

quadrics meet in a composite curve whose index numbers are 16, — 16 • 8, 

This composite curve has the four parts : 

(a) 123 = 0, 123' = 0, with index numbers y =9, y,; 

(b) 123 = 0, z x = t 1 = 0, with index numbers 3, — 16 ; 

(c) % 1 = y 1 = 0, 123' = 0, with index numbers 3, — 16 ; 

(d) #, = 2/, = 0, z x = t x = 0, with index numbers 1, — 4. 

But the pairs (a), (b) and (a), (c) each have six common points; the pairs 
(b), (d) and (c), (d) each have two common points; while the pairs (a), (d) 
and (b), (c) have no common points. Hence the index numbers of the four, 
according to (24), are 16, (y, — 16 — 16 — 4 — 2 • 16). Comparing these with 
16, — 16-8, we find that y, = — 60, which verifies the theorem. 

These examples emphasize the fact that considerable caution must be used 
in accepting as general theorems which have been proved only for the cases 
where some or all of the manifolds concerned are regular. 

Baltimore, October 1, 1913. 



